We extend the Abbott-Deser-Tekin approach to the computation of the Killing charge for a solution of topologically massive gravity (TMG) linearized around an arbitrary background. This is then applied to evaluate the mass and angular momentum of black hole solutions of TMG with non-constant curvature asymptotics. The resulting values, together with the appropriate black hole entropy, fit nicely into the first law of black hole thermodynamics. *
Introduction
A rich, ghost-free theory of gravity in 2+1 dimensions is topologically massive gravity [1] , also known as Chern-Simons gravity. This is defined by the field equations
where G µ ν ≡ R µ ν − 1 2 R δ µ ν is the Einstein tensor,
is the Cotton tensor (ǫ µαβ is the antisymmetrical symbol), L is the cosmological constant and µ is the topological mass constant. TMG is known to admit two kinds of black hole solutions. The first is the well-known asymptotically AdS BTZ solution [2] of Einstein gravity with a negative cosmological constant, which has constant curvature and thus also solves trivially TMG [3] . The second is the non-asymptotically flat, non-asymptotically AdS, L = 0 ACL black hole solution [4] 1 . The computation of the mass and angular momentum of these black holes presents an interesting challenge. The ususal ADM approach [7] fails because these solutions are not asymptotically flat. In the quasilocal energy approach [8] , one derives canonically a hamiltonian, given by the sum of a bulk integral, which vanishes on shell, and of a surface term. The quasilocal energy is the difference between the on-shell value of the Hamiltonian and its value for a suitably chosen "vacuum"solution. However this approach cannot be at present used for our purpose, as the canonical formulation of TMG is given in [9, 10] only modulo unknown surface terms [4, 11] .
In the super angular momentum (SAM) approach [12] , a theory of 2+1 gravity with two Killing vectors is reduced to a mechanical system with the SL(2, R) invariance, and two specific constants of the motion of this system are identified as the mass and angular momentum of the associated (2+1)-dimensional gravitating configuration. This super angular momentum approach was shown in [12] to coincide with the quasilocal approach for generic Einstein-scalar field theories in 2+1 dimensions. It was applied in [4] to compute the mass and angular momentum of the BTZ and ACL black holes. The SAM values for the BTZ black hole (as a solution of TMG) are consistent with those given by Garcia et al. [13] and others [14, 15, 16, 17, 18] .
On the other hand, the SAM values for the ACL black hole are not consistent with the first law of black hole thermodynamics, which raises doubts about their validity. Inspection of Eq. (28) of [4] shows that agreement with the first law is restored if the SAM value for the angular momentum is kept unchanged, while the SAM value for the mass is doubled. Thus one expects that the correct mass of the ACL black hole should be twice the 'naive' SAM mass, as will be checked in Sect. 4 of the present paper. We note that this factor of 2 problem with the SAM mass of the ACL black hole is curiously reminiscent of the well-known problem with the Møller-Komar energy in four-dimensional general relativity [19, 20] (see the discussion in [21] ): the Komar superpotential gives the correct angular momentum, but only half of the correct energy.
An approach to compute the energy of asymptotically AdS solutions to cosmological gravity was given by Abbott and Deser [22] , and extended by Deser and Tekin to the computation of the energy of asymptotically dS or AdS solutions to higher curvature gravity theories [23] and to topologically massive gravity [24] . In this Abbott-Deser-Tekin (ADT) approach, the field equations are linearized around an appropriate constant curvature background, and the resulting effective energy-momentum tensor is contracted with a background Killing vector, yielding a divergenceless vector current. The ADT energy is the associated conserved charge, which can be written as the flux of an antisymmetric tensor field (the superpotential) through a surface at spatial infinity. The results of [24] were applied in [15, 16] to compute the mass and angular momentum of the BTZ black holes in TMG. However they cannot be used to compute the corresponding charges for the ACL black holes, which are non-asymptotically AdS.
In this paper, we shall show how to compute the ADT charges for a solution of TMG linearized about an arbitrary background, and apply the result to evaluate the mass and angular momentum of ACL black holes. In Sect. 2 we describe briefly the general ADT procedure, and work out its application to TMG with an arbitrary background admitting a Killing vector field, resulting in the coordinate independent expression (2.22) for the associated ADT charge. In Sect. 3 we apply this to the computation of the mass and angular momentum of a generic stationary rotationally symmetric spacetime asymptotic to the as yet unspecified background. The application to the case of generalized ACL black holes is given in Sect. 4, leading to mass and angular momentum values which, together with the appropriate black hole entropy, are consistent with the first law.
2 Abbott-Deser-Tekin conserved charges for topologically massive gravity with arbitrary background
We first briefly summarize the ADT procedure for a theory of gravitation defined by the field equations
where E µν [g] is a generalized Einstein tensor, T µν is the matter energymomentum tensor, and κ = 8πG is the Einstein gravitational constant. Energy-momentum conservation implies that the left-hand side of (2.1) obeys the generalized Bianchi identities
Consider a background metric g µν solving the vacuum field equations
A generic metric g µν , asymptotic to the background g µν , can be linearized around it as
By virtue of (2.2) and (2.3), the linearized tensor δE µν obeys the generalized Bianchi identities 5) with D the background covariant derivative. Now if the background admits a Killing vector ξ µ , then the current
is covariantly conserved (as a consequence of (2.5) and the Killing equations):
It follows that there exists an antisymmetric tensor field F µν such that 8) and that the charge
does not depend on the space-like hypersurface M of boundary ∂M . Let us outline the application of this procedure to TMG with an arbitrary background (full details are given in Appendix A). To simplify the notation, we drop the bars on the background geometrical quantities, and write the linearized metric as
Following [24] , we write for TMG 12) and compute separately the Einstein and Cotton contributions to the current K µ , neither of which is conserved alone. The computation of the Einstein contribution follows closely [23] , taking care however that, to the difference of the background in [23] , G µν = 0 for our background. The result is 2
where h ≡ g µν h µν , and F µν E (ξ) is the Einstein superpotential:
To compute the Cotton contribution, we start as in [24] with the symmetric form of the Cotton tensor
which is linearized to
2 Note that δG µν or δG (the second and third terms on the r.h.s. vanish for the constant curvature background of [24] ). This leads to
As in [24] , the second term in the r.h.s. of (2.17) can be expressed in terms of the vector
which obeys
but is not a background Killing vector if the background is not constant curvature. The lengthy computation of (2.17), detailed in the Appendix, leads to the result 20) with the Cotton superpotential
Taking into account the field equations (1.1) for the background, our final, coordinate invariant result for the ADT charge for TMG linearized about an arbitrary background with Killing vector ξ is
where F µν E (ξ) and F µν C (ξ) are given in (2.14) and (2.21).
3 Application to stationary rotationally symmetric solutions
We now specialize to spacetimes with two commuting Killing vectors (one time-like and the other space-like) ∂ t and ∂ ϕ , and use the dimensional reduction procedure of [25] , which we summarize here. We choose a coordinate system in such a way that the metric can be written as:
, where λ is the 2 × 2 matrix
and ζ a constant scale factor. The vector X = (T, X, Y ) belongs to a superspace endowed with a Minkowskian metric η ij (i = 0, 1, 2) with "mostly plus" signature, the norm being defined by
It is natural to define the dot product of two supervectors A and B by their Minkowskian scalar product, and their wedge product by
where ǫ ijk is the Levi-Cevita symbol, with ǫ 012 = +1 (thus ǫ 012 = −1).
To each supervector A, we associate a traceless matrix noted [A] or a such that
where 6) and τ i are the (real) Pauli matrices
satisfying
It follows immediately from the above two properties that for any two supervectors A, B one has
where 1 is the 2 × 2 unit matrix. Let us apply this formalism to the computation of the ADT charges (2.22). Choosing the boundary ∂M to be a circle, we need only to compute the (02) superpotential components. This computation, outlined in Appendix B, leads to
The net ADT charge (2.22) is a linear combination of the Einstein superpotential (3.10) and the Cotton superpotential (3.11). To make contact with the SAM approach of [4] , we define the spin super angular momentum 12) and the total conserved super angular momentum [26] 13) in terms of which the Killing charge is given by
Choosing ξ to be one of the two Killing vectors of (3.1), ξ (t) = (−1, 0) and ξ (ϕ) = (0, 1), we finally obtain the mass and angular momentum of the field configuration X + δX relative to the background X:
We recall that the super angular momentum associated with a solution of the field equations (1.1) is constant (independent of ρ). If the background is chosen so that the components J Y and J − of its super angular momentum vanish, then δJ Y and δJ − are the corresponding super angular momentum components of the self-gravitating configuration under consideration.
Comparing with Eqs (16) and (17) of [4] , we see 3 that the ADT angular momentum is identical with the SAM expression, while the ADT mass differs from the SAM mass −(πζ/κ)J Y by the last three terms of (3.15).
To conclude this section, we note that the ADT corrections to the SAM mass vanish in the case of the BTZ black holes. The reason is that the BTZ solution is of the form 17) where the constant supervector α is universal (the same for all BTZ black holes), and the constant supervector β depends on the black hole mass and angular momentum. It follows from (3.17) that X ′ = α, so that δX ′ = 0, and δL = δX ∧ X ′ leading to X ′ · δL = 0 and δL ′ = 0.
4 The TMG black holes: mass, angular momentum, and the first law
The ACL black hole solution of the TMG field equations (1.1) is [27] 
with
where
we have chosen ζ = 2 3 µ , and the two parameters ω and ρ 0 ≥ 0 are related to the black hole mass and angular momentum. This solution is related to the solutions with horizons given by Nutku [5] and Gürses [6] by the double Wick rotation t → it, ϕ → iϕ. For Λ = 0 (β 2 = 1/4) and µ = 3, the black hole metric reduces to that of the ACL black hole [4] after rescaling t → 2t and ω → 2ω. If ρ 0 > 0, the two horizons of (4.1) are located at ρ = ±ρ 0 . As will be shown in [27] , these black holes are causally regular and geodesically complete (except in the case ω = ρ 0 /(1 − β 2 ), where the inner horizon ρ = −ρ 0 becomes singular) if 0 < β 2 < 1 and ω > −ρ 0 / 1 − β 2 . If ρ 0 = 0 the black hole becomes extreme with a double horizon at ρ = 0, except in the special case ω = ρ 0 = 0, where the metric (4.1) reduces to
which is horizonless, and thus qualifies as the ground state or "vacuum" of the black-hole family (4.1).
Mass and angular momentum
The vector X associated with (4.1) is of the form 4 and
From the wedge products
we obtain
leading to the constant super angular momentum
The components J Y and J − vanish for the background (4.4), so that the SAM mass M 0 and the angular momentum J are
Next we compute the correction ∆M to the SAM mass coming from the last three terms of (3.15). The constant vectors (4.6) associated with the background (4.4) and the deviations from the background are
with the only non-vanishing scalar products
This leads to ∆M = 4πµ 9κ
Thus the ADT mass for the black hole (4.1) is twice the SAM mass:
The first law
Now we check that these values for the black hole mass and angular momentum are consistent with the first law of black hole thermodynamics.
From the black hole metric (4.1), which is already in the ADM form 19) we read the Hawking temperature 20) where n ρ = √ g ρρ = ζrN , and
is the horizon areal radius. The horizon angular velocity is
The final ingredient is the black hole entropy S. This is the sum
of an Einstein and a Cotton (or Chern-Simons) contribution. The Einstein entropy is as usual proportional to the horizon "area" (perimeter in the present case),
The general formula for the Chern-Simons contribution to the entropy was first given by Solodukhin [18] , and rederived by Tachikawa [28] . This is
evaluated on the horizon, where ω ab = ω ab,µ dx µ is the spin connection. The dreibein e a for the metric (4.19) is
The corresponding spin connections are 27) leading to
The total entropy is
Putting (4.17), (4.13) and (4.29) together, it is easy to check that the first law (4.18) is satisfied for independent variations of the black hole parameters ρ 0 and ω.
Conclusion
We have shown that the Abbott-Deser-Tekin approach can be extended to the computation of the mass and angular momentum of solutions of topologically massive gravity asymptotic to an arbitrary, non constant curvature, background. In the case of the ACL black holes of cosmological TMG, the resulting mass and angular momentum, together with the SolodukhinTachikawa entropy, fit nicely into the first law of black hole thermodynamics. It would be interesting to extend our work in order to compute the mass and angular momentum of the black hole solutions to topologically massive gravitoelectrodynamics [27] , as well as of black hole solutions with non-constant curvature asymptotics in the framework of other theories of gravity. The tedious computations involved could perhaps be streamlined by following the procedure advocated in [29] .
Appendix A: Computation of the Einstein and Cotton superpotentials
Our conventions for the Riemann and Ricci tensors are:
and the Einstein tensors are defined by
From the linearized metric δg µν ≡ h µν , we obtain the linearized Christoffels
and the linearized Ricci tensor
with h ≡ g µν h µν . The computation of the Killing current K µ E ≡ ξ ν δG µν by successive integration by parts follows closely [23] :
where the Einstein superpotential is:
and we have used the identity valid for Killing vectors
From the Cotton tensor 10) with ǫ µαβ the antisymmetric symbol, we obtain the linearized Cotton tensor
The resulting Killing current 13) and the identity
Defining the vector 17) and expressing the 3-dimensional Riemann tensor in terms of the Einstein tensor,
we have from (A.9) and (A.14)
Using the definition (A.17), the second term of (A.16) can be rewritten as
while the third term can be rewritten as
Collecting these, and again integrating by parts, we arrive at
Using (A.17) and (A. 19) , and the identity (obtained [30] by computing
we finally obtain 25) with the Cotton superpotential:
Appendix B: Computation of the ADT charges of stationary rotationally symmetric solutions
From the background metric (3.1), we compute the Christoffel symbols
where the prime stands for the derivative d/dρ. The matrices in (B.1) are related to the matrix x (defined according to (3.5)) by
This leads to the Ricci tensor components
where ℓ is the matrix associated with the vector
The linearized metric components are
We will also need the mixed components
where σ is the matrix associated with the vector
and we have used (3.9) and (B.2). Note that (B.6) implies h = 0. Let us now compute F 02 E (V ) for an arbitrary spacetime vector V a (with V 2 = 0). It is convenient to first compute the covariant components After some algebra with use of (3.9) , (B.2) and (3.8) one finds
(B.10) and finally Now we move on to the computation of the Cotton part of the superpotential. Using ξ ′a = 0, the vector defined in (2.18) takes the form 5
Replacing in (B.11), and using again (3.9) one gets 
(B.14)
Finally, the last term in (2. 
(B.17)
